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This abstract is based on a paper by [2], which has been accepted for publication in Journal of
Scheduling. In this paper, we present a hybrid local search approach for a scheduling problem
with �exible resource requirements. This type of problem often occurs in practice in the domain
of planning energy consumption. As far as we are aware, we are the �rst to propose an algorithm
that can �nd near-optimal solutions for reasonably sized problems.

In scheduling problems with resource constraints, jobs are often assumed to have a �xed duration
and are not allowed to change the amount of resource they consume over time. In certain appli-
cations, however, these assumptions are too limiting. Typically, such cases can be found in areas
where a (cumulative) amount of work (or resource) is required to complete a job, but the rate of
consumption is not necessarily �xed. An important example is given by energy related applica-
tions such as demand-response in electricity consumption and electric vehicle charging. Suppose
the charging of electric vehicles in a certain neighborhood is coordinated by a so-called Aggregator
(see for example [9]). Each arriving vehicle has a given amount of power that it wants to charge
and a desired departure time. A vehicle can be charged at di�erent rates and this rate may change
over time. However, at each point in time the total amount that we charge is limited by for exam-
ple the network capacity or the capacity of the transformer connecting the neighborhood to the
mid-voltage grid. We want to make a schedule where we assign a charging pro�le to each vehicle,
such that we respect the capacity limits and each vehicle can leave on time, or if the latter is not
feasible the total delay is minimal.

To �nd schedules that can accommodate �exible execution pro�les, we consider an extension of
the traditional scheduling problem, previously introduced as the Continuous Energy-Constrained
Scheduling Problem (CECSP) by [4].

This problem is described as follows. A set of n jobs has to be processed on a continuous resource
R. This means that, at any time, multiple jobs can be processed simultaneously and at di�erent
rates, as long as their total consumption does not exceed the amount of available resource, denoted
by P . Each job j (j = 1, . . . , n) requires a total amount of resource equal to Ej . The goal is to �nd
a schedule in which each job j is executed in the period starting with its release time rj and ending
with its deadline d̄j . Preemption is not allowed, and therefore, from its start until its completion,
each job must consume resources at a rate of at least P−

j and at most P+
j units. The objective is

to minimize the total weighted completion time. We look at the case where both the resource and
time are continuous.

The CECSP was originally introduced as a generalization of the Cumulative Scheduling Prob-
lem (CuSP), which was formulated by [1] as a subproblem of the Resource Constrained Project
Scheduling Problem (RCPSP). The RCPSP is a very general problem concerning the scheduling of
activities subject to precedence, time and resource constraints (see for example the surveys by [7]
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and [8]). The CuSP corresponds to the special case of the RCPSP without precedence constraints
and with only one resource. The CECSP generalizes the CuSP as the resource capacity require-
ment is considered to be a range with a lower and an upper bound, rather than a �xed value,
and the consumption rate can vary during the execution of the job. As a result, the processing
time is no longer �xed, but depends on the consumption rate during its execution. Through its
relation to CuSP, [5] proved that the feasibility problem of CECSP is NP-hard. [6] provided a
hybrid branch-and-bound algorithm and mixed-integer linear program to �nd exact solutions for
small instances.

We consider a slightly modi�ed version of the problem originally introduced by [4]. The main
di�erence is that we do not consider e�ciency functions (but our approach can be extended to deal
with these), which implies that the total amount of resource (energy) used for any feasible solution
is equal. Hence, minimizing the total amount of energy used, which is the objective considered
by [4], makes no sense then, and therefore we consider the traditional objective of minimizing the
total weighted completion time, which corresponds to minimizing the total weighted delay.

We show that any given feasible schedule for our problem can be transformed into a feasible
schedule with equal objective value in which the resource consumption pro�le per job is constant
between any two events, which correspond to starting or completing a job. These events form a
crucial element in our approach. We show that the NP-hardness of our problem stems from the
existence of the lower bounds P−

j . We show that, if we know for each interval which jobs are being
processed, then we can solve our problem as a Linear Program, since we then know for each job
whether the lower bound on its consumption rate is equal to P−

j or 0. Our solution approach is
based on this result. We use a hybrid local search approach, using simulated annealing and linear
programming, to solve instances of the CECSP. In the �rst stage we specify the order of the 2n
events corresponding to the start and completion of the n jobs; this leads to 2n − 1 intervals. In
the subproblem we use Linear Programming to compute the optimal values for the times at which
these 2n events take place, taking the ordering into account, together with the consumption rate
for each job for each interval. We then modify the event order using Simulated Annealing, etc.

As far as we are aware, we are the �rst to propose such a decomposition and investigate a com-
bination of local search and mathematical programming techniques for CECSP. In addition, we
provide a mixed-integer linear programming (MILP) formulation and compare the performance
of our hybrid approach to it in terms of quality and runtime. Our hybrid local search approach
matches the MILP formulation in solution quality for small instances (n ≤ 10), and is able to �nd
a feasible solution for larger instances (15 ≤ n ≤ 50) in reasonable time. This approach opens the
door for �nding solutions to larger instances.

Moreover, we found that the feasibility problem is solvable in polynomial time if we drop the lower
bounds on resource consumption from the problem. We formulate a �ow-based solution algorithm
for that case. We use this algorithm to select challenging problem instances for a new benchmark
set of problem instances. Our approach is evaluated on these instances.

Finally, in a follow-up paper [3] we show that our approach can be applied to a myriad of related
(energy-constrained) scheduling problems with some minor modi�cations.
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